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905. 


ON THE EQUATION «”-1=0. 


[From the Messenger of Mathematics, vol. XIX. (1890), pp. 184—188.] 
27 yt) Sor 
WRITING p= cos 77 +i Ty. 


the periods each of two roots, p+ p"®, =2 cos te, &c. The expressions contain the 


I carry the solution up to the determination of 


radicals 
a=V/(17), b=V/{2(17—-a)}, c=Ẹ4{4(17 + 3a)—2(3+a)b}, 

where a, b, c are taken to be positive (a=412, b=507, c=672). Taking for a 
moment r to be any imaginary seventeenth root, r= p°, then the algebraical expression 
for the period P, of eight roots is P,=}(—1l+a), but I assume the value to be 
P,=4(-—1+a), and thus determine @ to denote some one of the values 1, 2, 4, 8, 
9, 13, 15, 16; similarly, I assume the value of Q, to be =4}(—1+a+b); and thus 
further determine @ to denote some one of the values 1, 4, 13, 16: and, again, I 
assume the value of R, to be =4(—1+a+6+c), and thus further determine @ to 
denote one of the values 1 and 16. As regards the values of the periods R, it is 
obviously indifferent which value is taken, and I assume therefore 0=1. This comes 
to saying that the signs of the radicals are determined in suchwise that r shall denote 


17 


I write now 


the root cos < +isin oul and it is to be understood that 7 has this value. 


Pi=r +P HPAES trt +7, 
P,=r + pO 4 75 + yl Hrup rers, 
Q=r +++, 
Q= +75 +r 47°, 
Q=r +r + rt + 73, 
Q,= 79 4 7 + 77 + 76, 


R=r +76 
Rh, = 78 + 14, 
R,=r +78, 
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R,=7® + 7°, 
R= +r“, 
R=r +73, 
R, = 70 4 77, 
R, =r + 7, 
and moreover 
a= P,—P,, 
b=2 (Q ao Qo), 
+ b, =2 (Qs— Qs), 
c=4(R,— R»), 
—c,=4(R,—- R,), 
+o = 4 (R; — Re), 
— c; = 4 (R; — Rs). 


It will appear by what follows that «æ is determined by the quadric equation 
a?=17, but I have assumed that œ denotes the positive root a@=/(17); similarly, b 
is determined by the quadric equation b= 2 (17 — a), but it is assumed that b denotes 
the positive root, b=,/{2(17—a)}; and c is determined by the quadric equation 
e =4 (17 +3a)—2(3 +4a)b, but it is assumed that c denotes the positive root, 


c =y {4 (17 + 34) — 2 (3 + a) b}. 


If in the equations I had written bı, Cı, Cə, Cs, instead of +b, —G, +C, —¢,, then 
b, comes out rationally in terms of a, b; and c, C», ¢; come out rationally in terms 
of a, b, c; the signs were attached to-them & posteriori, in suchwise that the values 
of bı, Cı, C2, ¢s; might be each of them positive; for their independent determination, 
we have, in fact, for b? an expression such as that for b; and for ¢?, c2 cè 
expressions such as that for c?; and taking as above for each of them the positive 
value of the square root, we have 


a = (17), (= 4°12), 
be i2i = ad, = 5-07), 
b, = /{2(17+ a), (= 6°49), 
¢ =/{4(17 +3a)—2( 3+a)b}, (= 672), 
= V{4(17 +3a)+2( 3+a)b}, (=13°77), 
a= {4 (17 —8a)+2(—3+4a)b}, (= 575), 
c= {4 (17 —8a) -—2(—-3+a)b}, (= 2°02). 


The relations between the periods P are 


P,+ P,=-1, 
I; FP a 
PUP GEt S4 | aay | 
Ee -P,+4 | 
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that is, 
P2=—P, +4, &.; a@=17. 
Here for the second square, we have 
a=(P,—-P.)? = P? + Pè — 2P,P = (— P+ 4)+ (- P+ 4) +8, =-—P,-P,+16, =17; 
and similarly in the other cases which follow. 


For the periods Q, we have 


Q+Q=Pr, 
Q +Q = P», 
Q Qs Qs Qi 
Q, | Q+ 2Q; + 4 -1 . | 2Q,+Q.+ Qs | G2+ 5+ 2Q, 
Qs Q,+2Q0,+4 | Q +2Q; +4 Onto, 
Q; GETT 20t Q +4 pe | 
Q, 2Q, + Qz +4 
b bı y 


Die n | Ša 
b, | 34420 


so that bb,=8a, or 6, is given rationally in terms of a, b. 


And for the periods R, we have 


R, + Ra Sr Qi, 

R; + R, a 0 

R; T R; zy Qs, 

R, SF R; en Qas 

R R, B; R, Rs Bs B; Bs 

ETR] Rael Bet | Bee By ae ee ee 
R, kst? | Rit Rh, Rit Rh, | 2, +R, | R, +R, | B+ Rh, | RAR 
R, Rit? | -Brt Rk, | Rit Rk, | B+ Rh; | 2, +R, | B+ RP; 
R, 2+2 Rk, +B, R;+ Rk, R; + Rg R+ R; 
fee th. Re+2 | R+ RK, | B+ R, | R+ R; 
R, R,+2 | Ryt+ Rh, | B+ R; 
Rk, 2 Ry+2 | A+R, 
Rs R, + 2 
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Co 


Cs 


4 (17 -3a)+2(-3+a)b, 
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c c C3 

4 (17 +3a)-2 (344) b 8 (b + by) 4 (2a-b+,) 

4 (17 + 3a) +2(3+0)0 | 4 (2a +b +b) 


63 
Cs 
4(—2a+6+6,) 
4 (2a+b-b,) 


8(-b+b,) 


4(17 — 3a) -2(-3+a)), 


where observe that the overlined terms R,+ Rẹ, R,+R,, R+ R, and R,+R,, have 


the values Q, Qs, Q, Q, respectively, and in the last table b, may be considered 


as denoting its value ne 


AONO 


b 


, So that Cı, Cə, C, are each given rationally in terms of 


And from the foregoing results, we have 


P,=}4(-—1+4a), 
P,=}4(-—1-4), 
Q=t(-1 +449), 
Q.=4(-1+a-), 
Q;=1(-1l-a+h,), 
Q,=1(-1-a—-4,), 
R,=}$(-1+a+6 +o), 


7=4(-1-—a-—b,-—«¢), 
R;=4(—1-—a- b+c), 


= 156, 
=— 256, 
= 205, 
= — 049, 
= 034, 
= — 2:90, 
= 187, 
= 018, 
=~ 1:96, 
= 147, 
= 089, 
= — 0°55, 
=— 170, 
= — 1'20. 


The approximate numerical values have been given throughout only for the purpose 
of showing that the signs of the square roots have been rightly determined. 
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